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Credits

This series of lectures draws heavily from a lecture by Klemens 
(ÁÍÍÅÒÅÒȟ ÃÁÌÌÅÄ Ȱ1ÕÁÎÔÕÍ /ÐÔÏÍÅÃÈÁÎÉÃÓȱ ÁÎÄ ÄÅÌÉÖÅÒÅÄ ÁÔ ÔÈÅ 
QLNO Summer School in August 2010.



Overview of this lecture

ǐWeak coupling
ƵLinearising the Hamiltonian

ƵOptomechanical cooling

ƵLightɀmechanics entanglement

ǐStrong coupling
ƵNon-Gaussian states

ƵThe optomechanical blockade

ǐQuadratic coupling: Quantum non-demolition



The weak coupling regime

ǐDuring this part of the lecture, we will be concerned with a weak 
coupling between the optical and mechanical subsystems:

ὫḺ ȟ‖

ǐThis is the case with all current optical, and most microwave, 
experiments

ǐGoing beyond this limit makes calculations harder



The weak coupling regime

ǐLet us recall the interaction Hamiltonian
Ὄ ᴐὫὦ ὦ ὥὥ

ǐThis Hamiltonian is cubic in the operators

ǐIt is often desirable to have Hamiltonians that are quadratic in the 
operators



Digression: Quadratic Hamiltonians

ǐIn the Heisenberg picture of quantum mechanics, the equation of 
motion for an operator έis:

έ
Ὥ

ᴐ
Ὄȟέ

ǐIn our case, what the commutator often does is reduce the power of 
operators

ǐIn other words, if Ὄis quadratic in the operators, Ὄȟέ is often linear

ǐBut if all the equations of motion are linear, we can use linear algebra 
to solve them



Digression: Quadratic Hamiltonians

ǐMany quantum states can be represented uniquely by a covariance 
matrix „

ǐIn such cases, the second moments encode all the information about 
the state

ǐFor a single harmonic oscillator,

„
ὼ ὼ ὼǶὴ Ƕὴὼ ὼ Ƕὴ

ὼǶὴ Ƕὴὼ ὼ Ƕὴ Ƕὴ Ƕὴ

ǐWhen the Hamiltonian is quadratic, it is possible to derive a linear 
equation of motion for „in terms of itself and constant coefficients



The weak coupling regime

ǐWe seek a quadratic approximation to our Hamiltonian

ǐDefine a unitary transformation Ὗȡὥᴼὥ , where is some 
complex number

ǐWe get
Ὄ ᴐɝὥὥ ᴐ ὦὦ ᴐὫὦ ὦ ὥὥ Ὥᴐᴊᶻὥ ᴊὥ

ᴐɝᶻὥ ὥ ᴐὫὦ ὦ  ᶻὥ ὥ



The weak coupling regime

ǐNext, define another transformation Ὗ ȡὦO ὦ 

ǐWe get
Ὄ ᴐɝὥὥ ᴐ ὦὦ ᴐὫὦ ὦ ὥὥ Ὥᴐᴊᶻὥ ᴊὥ

ᴐɝᶻὥ ὥ ᴐὫὦ ὦ  ᶻὥ ὥ
ᴐὫ z ὥὥ ᴐὫ z  zὥ ὥ
ᴐ ᶻὦ ὦ



The weak coupling regime

ǐNow, we choose and to cancel out the linear terms:
Ὥᴐ꜡ ᴐɝ Ὣ ᶻ π

ᴐὫ ᴐ  π

ǐThese equations are nonlinearwith a rich set of solutions

ǐWe also redefine the detuning:
ɝ Ὣ ᶻ ᴼɝ

ǐIn this representation, ὥhas no driving term, so that it is in the 
vacuum state for Ὣ π:

ὥὥ π



The weak coupling regime

ǐThese transformations simplify our Hamiltonian:
Ὄ ᴐɝὥὥ ᴐ ὦὦ ᴐὫὦ ὦ ᶻὥ ὥ

ᴐὫὦ ὦ ὥὥ ᴐὫ z 

ǐOur task is to get rid of the terms in the second line

ǐThese transformations also have an effect on the Liouvillian, but this 
effect does not change our argument

ǐFirst, we note that the last term is a constant and so can be ignored

ǐSecond, we can assume that is real by an appropriate definition of 
the phase of the driving field



The weak coupling regime

ǐSo now we have
Ὄ ᴐɝὥὥ ᴐ ὦὦ ᴐὫ ὥ ὥ ὦ ὦ

ᴐὫὦ ὦ ὥὥ

ǐFor simplicity, define Ὃ Ὣ

ǐWe now assume that ꜡is very large, so that ḻρ

ǐBecause ὥὥ πwhen Ὣ π, for small-enough Ὣ, we can neglect 
the last term



The weak coupling regime

ǐOur Hamiltonian reduces to a quadratic one
Ὄ ᴐɝὥὥ ᴐ ὦὦ ᴐὋὥ ὥ ὦ ὦ

ǐThis is the starting point for manyoptomechanics papers

ǐObserve the symmetry between the optical and mechanical modes in 
this system



Optomechanical cooling

ǐIn the mid-ΨΦΦΦÓ ÌÏÔÓ ÏÆ ȰÃÏÏÌÉÎÇȱ ÐÁÐÅÒÓ ÓÔÁÒÔÅÄ ÁÐÐÅÁÒÉÎÇȣ



Optomechanical cooling

ǐI would like to show you how this cooling effect comes about

ǐMy starting point is the super-simple linearisedHamiltonian
Ὄ ᴐɝὥὥ ᴐ ὦὦ ᴐὋὥ ὥ ὦ ὦ



Optomechanical cooling

ǐThe equation of motion for the operator ὥreads:
ὥ Ὥɝὥ ὭὋὦ ὦ ‖ὥ ς‖ὥ

ǐThe last term assures that ὥȟὥ ρat all times



Optomechanical cooling

ǐAfter a similar operation for the mechanical mode, we obtain:
ὥ Ὥɝ ‖ὥ ὭὋὦ ὦ ς‖ὥ

ὦ Ὥ ὦ ὭὋὥ ὥ ςὦ

ǐWhat we will do next is called adiabatic elimination

ǐWe shall obtain an equation for ὦalone by eliminating ὥ



Optomechanical cooling

ǐFor simplicity, we shall consider only the case Ḻ'Ḻ‖Ḻ

ǐThis is often called the resolved sideband regime

ǐA spectrum of the cavity field shows clearly two sidebands caused by 
the oscillator



Optomechanical cooling



Optomechanical cooling

ǐLet us choose ɝ 

ǐ"ÁÃË ÔÏ ÔÈÅ ÅÑÕÁÔÉÏÎÓ ÏÆ ÍÏÔÉÏÎȣ
ὥ Ὥ ‖ὥ ὭὋὦ ὦ ς‖ὥ

ὦ Ὥ ὦ ὭὋὥ ὥ ςὦ

ǐWe may make several simplifications:

ƵBecause and Ὃare small, we first solve ὦwith Ὃ  π

ƵWe then insert this solution in ὥand solve the equation for ὥ

ƵFinally, we re-insert this solution into ὦand simplify



Optomechanical cooling

ǐFirst,

ὦ Ὥ ὦ

ǐThis implies that
ὦὸ Ὡ ὦπ

ǐHere, ὦπÉÓ ÁÎ ȰÁÍÐÌÉÔÕÄÅȱ ÔÈÁÔ ÖÁÒÉÅÓ ÖÅÒÙ ÓÌÏ×ÌÙ ɉÏÎ Á ÔÉÍÅÓÃÁÌÅ 
given by Ὃ, which is very small)

ǐWe will ignore the noise terms entirely, as these are irrelevant here



Optomechanical cooling

ǐSubstituting, we get
ὥ Ὥ ‖ὥ ὭὋὩ ὦ Ὡ ὦ Ễ

ǐAgain, the noise terms do not concern us

ǐSince ὦis slowly varying, we can treat it as a constant:

ὥ ὭὋ Ὡ Ὡ ὦ Ὡ ὦ Ä† Ễ



Optomechanical cooling

ǐIt is fairly easy to integrate this expression, obtaining

ὥ ὭὋ
ρ

‖
Ὡ ὦ

ρ

ςὭ ‖
Ὡ ὦ Ễ

ǐReintroducing ὦand using ‖Ḻ we find

ὥ ὭὋ
ρ

‖
ὦ

ρ

ςὭ
ὦ Ễ



Optomechanical cooling

ǐOur next task is to insert this expression into ὦ

ǐWe obtain

ὦ Ὥ ὦ Ὃ
ρ

‖

ρ

ςὭ
ὦ

ρ

‖

ρ

ςὭ
ὦ

ÎÏÉÓÅÆÒÏÍÔÈÅÏÐÔÉÃÁÌÆÉÅÌÄςὦ

ǐIn the equation for ὦwe are allowed to ignore terms like ὦ



Optomechanical cooling

ǐThus

ὦ Ὥ ὦ Ὃ
ρ

‖

ρ

ςὭ
ὦ ÎÏÉÓÅςὦ

ǐWe group real and imaginary parts:

ὦ Ὥ
Ὃ

ς

Ὃ

‖
ὦ ÎÏÉÓÅςὦ



Optomechanical cooling

ǐWhat does this imply?

ὦ Ὥ
Ὃ

ς

Ὃ

‖
ὦ ÎÏÉÓÅςὦ

ǐFirst, the oscillation frequency changes to  ὋȾς

ǐThis is called the optical spring effect



Optomechanical cooling

ǐWhat does this imply?

ὦ Ὥ
Ὃ

ς

Ὃ

‖
ὦ ÎÏÉÓÅςὦ

ǐSecond, the damping rate increases to  ὋȾ‖

ǐThe net rate of heat input from the support is unchanged

ǐThis means that the oscillator loses heat faster

ǐIn other words, the oscillator is cooled



Optomechanical cooling

ǐWhat does this imply?

ὦ Ὥ
Ὃ

ς

Ὃ

‖
ὦ ÎÏÉÓÅςὦ

ǐThird, the noise terms pose limits to this cooling mechanism

ǐWhy so?
ƵὋgrows with ꜡ , so the stronger the driving, the stronger the cooling

ƵHowever, the optical noise also grows with Ὃ

ƵBeyond a certain driving strength, the heating effects of the noise balance out 
the cooling effects



Optomechanical cooling

[A. Schliesser, et al., Phys. Rev. Lett. 97, 243905 (2006)]



Optomechanical cooling

ǐHow can we understand this process?

ǐThink of the two harmonic oscillator ladders and states ȿ ἃὲȟά (ὲ
photons, άphonons)

ǐBy driving the cavity with a detuning ɝ  , we drive the 
transition ȿ ἃὲȟά ᴼȿ ἃὲ ρȟά ρ

ǐPhotons leaking from the cavity take the system to ȿ ἃὲȟά ρ

ǐAs I claimed in my first lecture, this is precisely how cooling in ion 
traps works



Entanglement

ǐConsider, once again, the interaction term from Ὄ :
Ὄ ᴐὋὥ ὥ ὦ ὦ

ǐWhen ɝ  , we have ὥḐὩ and ὦḐὩ

ǐ+ÅÅÐÉÎÇ ÏÎÌÙ ȰÓÌÏ×ÌÙ ÒÏÔÁÔÉÎÇȱ ÔÅÒÍÓȡ
Ὄ ᴐὋὥὦ ὥὦ

ǐThis Hamiltonian gives rise to the cooling mechanism we have seen



Entanglement

ǐWhat if ɝ  ? Then, ὥḐὩ and ὦḐὩ

ǐAgain keeping only slowly rotating terms:
Ὄ ᴐὋὥὦ ὥὦ

ǐThis is a Hamiltonian familiar from nonlinear optics, and describes 
the creation or annihilation of correlated photonɀphonon pairs



Entanglement

ǐThis Hamiltonian is known to produce entanglement, but how do we 
check and quantify this?

ǐConsider the vector of first moments

Ὑ

ὼ

Ƕὴ

ὼ

Ƕὴ

ǐThe dimensionless quadratures are
ὼ ḧ ὥ ὥ ȟ Ƕὴ ḧ ὥ ὥ ȟ ÅÔÃȢ



Entanglement

ǐFrom the master equation, it is easily seen that
Ὑ ὃẗὙ

ǐWe call ὃthe drift matrix

ǐFrom the same master equation, one can show that
„ ὃẗ„ „ẗὃ ὔ

ǐWhere „is the covariance matrix of the entire system and ὔis a 
ÄÉÁÇÏÎÁÌ ȰÎÏÉÓÅȱ ÍÁÔÒÉØ

ǐThis equation is called the Lyapunov equation for „



Entanglement

ǐUnder the right conditions, „ πhas a unique solution, „

ǐFrom this „ , we may check for entanglement between light and 
mechanics

ǐIn fact, some algebraic manipulations of „ give rise to a number, 
called the logarithmic negativity Ὁ π

ǐWhen Ὁ π, the two subsystems are entangled

ǐThis explanation is simplistic; entanglement also occurs for ɝ π



Entanglement

[C. Genes, A. Mari, D. Vitali, and P. Tombesi, Adv. At. Mol. Opt. Phys. 57, 33 (2009)]

Logarithmic negativity, Ὁ Mechanical occupation number, ὦὦ


